The paper deals with the ground and the first excited state of the polaron in the one dimensional Holstein model. Various variational methods are used to investigate both the weak coupling and strong coupling cases, as well as the crossover regime between them. Two of the methods, which are presented here for the first time, introduce new elements to the understanding of the nature of the polaron. Reliable numerical evidence is found that, in the strong coupling regime, the ground and the first excited state of the selftrapped polaron are well described in the adiabatic limit. The lattice vibration modes associated with the self-trapped polarons are analyzed in detail, and the frequency softening of the vibration mode at the central site of the small polaron is estimated. It is shown that the first excited state of the system in the strong coupling regime corresponds to an excitation of the soft phonon mode, within the polaron. In the crossover regime, the ground and the first excited state of the system can be approximated as a mixture of the selftrapped and the delocalized polaron state. In this way, the connection between the behavior of the ground and the first excited state is qualitatively explained.
I. INTRODUCTION
Ever since Landau 1 suggested that the electron can be trapped by the deformable lattice, strongly coupled electron-phonon systems have been the subject of intensive examination. Besides the investigations of those systems in which the lattice is coupled to the whole electronic band, there has been significant interest in the physics of a single polaron, in which the electron and the associated lattice deformation form a quasi-particle, spatially and spectrally decoupled from the rest of the system. Lattice degrees of freedom make even the problem of a single polaron a many-body one. The analytical and numerical examinations of most electron-phonon models are thus difficult. For this reason, even the simple Holstein model 2 (suggested in 1959) is still being investigated in recent works. Various methods have been proposed in order to calculate the ground state of the Holstein model. Almost exact results (except in the adiabatic limit) have been obtained with the density matrix renormalization group method, 3 the Global-Local method, 4 and some exact diagonalization methods. [17] [18] [19] However, results relevant to the adiabatic limit are of physical interest due to the fact that in many materials, the effective mass of the charge carrier is much smaller than the mass associated with the phonon frequency. Therefore, it is desirable to have a method to accurately calculate the polaron wave function in this limit also.
It is well known that the ground state of the Holstein system changes from the delocalized polaron state, where the electron is nearly free, to the small and self-trapped polaron state as the electron-phonon coupling, g, increases. Although it has been proved that this change is smooth, 5 the physics of the rapid crossover between the two limits in the small interval of g's (the crossover regime) is not completely clear. Moreover, it has been claimed in Ref. 19 that the phonon excitation associated with the first excited state of the system is uncorrelated to the electron in the weak coupling regime, while it is confined to the electron in the strong coupling regime. The transition occurs in the crossover regime where, in addition, the energy difference between the ground and excited states becomes small.
The exact ground state is also an eigenstate of the system momentum. 6 Therefore, the polaron ground state is delocalized for all parameters. However, in the strong coupling regime the effective transfer integral, t ef f , of the polaron hopping to the neighboring sites becomes negligible, leading to the self-trapped polaron states. According to Ref. 7 , the polaron dynamics can be separated into two time scales. On the short time scale, the lattice deformation is centered at some lattice site, while the electron can virtually hop among the neighboring lattice sites not occupied by the deformation. Only after a certain number of such events (of the order t ef f /t, where t is the electron hopping integral) the polaron as a whole tunnels to a new central site. Thus, the localized polaron states may lead to a very accurate estimation of the polaron ground state energy in the strong coupling regime.
The main goal of this paper is to determine the elements important for the qualitative description of the polarons in the whole range of electron-phonon couplings. Some of them, although already known, are found to be better understood when supplemented with additional details. The excited polaron states are treated by a new method which uses a variational approach in order to define and solve a generalized eigenvalue problem. Even if this method does not converge systematically, it provides new results concerning the nature of the polaron. For the self-trapped polarons, an exact diagonalization method to calculate the localized polaron states, rather than the translationally invariant ones, is used. By comparison to the results of other methods, it is shown that this approach introduces only minor errors in the ground state energy of the self-trapped polaron. In addition, unlike other approaches, this method is able to compute accurately self-trapped polaron states in the regime of very large t. Finally, the localized states are analyzed by calculating the local electron density, the mean lattice deformation, and characteristics of the on-site zero point motions.
II. GENERAL
The Holstein Hamiltonian readŝ
It describes the tight-binding electrons in the nearest-neighbor approximation, coupled to one branch of dispersionless optical phonons. c † n,s is the creation operator for the electron of spin s at lattice site n, and b † n is creation operator for the phonon. t is the transfer (hopping) integral of the electron.hω and g are the phonon and the electron-phonon coupling energies, respectively. The Holstein Hamiltonian depends only on two ratios of relevant energy parameters: g/hω and t/hω, i.e. the results will usehω as the energy unit. It is often convenient to express the lattice vibrations in terms of the nuclei space and momentum coordinates,x
where x 0 = h/2Mω and p 0 = Mhω/2 are space and momentum uncertainties of the harmonic oscillator ground state. M is the mass of a nucleus and κ denotes the spring constant, ω 2 = κ/M. By noting that the electron-lattice displacement coupling constant α, in g = αx 0 , is independent of M, an alternative set of Holstein Hamiltonian parameters can be introduced,
which is convenient for the discussion of the adiabatic regime M ≫ m el . Here, m el is the electron effective mass and a is the lattice constant. It is worth noting that t and ε p (the binding energy of the polaron for t = 0) are independent of M and thus they are the only parameters relevant in the adiabatic limit. By using standard conventions for c † k,s and b † q ,
Eq. (1) can be rewritten in momentum space and divided in two mutually commuting parts,
where ξ = N el g/ √ Nhω. Any eigenstate ofĤ q=0 ,Ŝ q=0 (ξ)|n q=0 , has the same mean total lattice deformation, x tot = n x n ,
which is independent of t. Since the q = 0 part of the Hamiltonian is unaffected byĤ k,q =0 , it can be concluded that this is also valid for all eigenstates of the total Holstein Hamiltonian. The phonon part of these eigenstates can be represented in the form of a direct product of two groups of states, the first one includes q = 0 phonon modes, while the second one includes only the q = 0 phonon mode. This is useful because one can always check approximate computations by calculating x tot , or include this property in the computation itself. This specific property of the q = 0 mode is not restricted to the particular dimension of the system, nor to the number of electrons. Moreover, it can also be found in some other models where the electron-phonon coupling is the lattice deformation linearly coupled to the local electron density. A hint in this direction has been reported first in Ref. 8 . The total momentum of the system,K, is the sum of the electron and phonon momenta,
and it commutes with the Hamiltonian. In the present treatment, only the low energy polaron states (the low lying states of the system for which the electron and lattice part of the wave function are spatially bound), are explicitly calculated. In this case, the total momentum K of the system is also the polaron momentum.
III. METHODS
The eigenstate computations reported here are based on the variational approach. Still, from the mathematical and physical point of view, there are quite a lot of differences among them. Therefore, each method will be analyzed separately in this section. Those methods with a small number of variational parameters help us to understand the basic properties of the polarons in different regimes of the Holstein model. On the other hand, methods with a very large number of variational parameters are necessary to obtain nearly exact results for the polaron states.
Let us start with a simple localized polaron wave function formed as a product of the electron and the lattice part, centered at the lattice site j,
Here, η n is the normalized electron function at site j + n, n η * n η n = 1, while S j+m (ξ m ) = exp (ξ m b † j+m − ξ * m b j+m ) denotes the coherent state operator acting on site j + m, with a complex amplitude, ξ m = ℜ(ξ m ) + iℑ(ξ m ). It is easy to see that operator S j+m (ξ m ) shifts the space and momentum coordinates of lattice vibration at a site j + m by 2ℜ(ξ m )x 0 and 2ℑ(ξ m )p 0 , respectively,
The variational energy of the state (4), E ϕ , is independent of j, and is given by
The minimization of the energy with respect to ξ m establishes a simple relationship between the lattice mean deformation and electron density,
so that only the equation for η m has to be solved. The well known approximate solution to this problem is the large Holstein polaron 2 valid in the long wave limit. The numerical scheme suggested in Ref. 9 , and denoted here as L (L for localized), has no such restrictions and it is used here to obtain the exact minimum of Eq. (5). The energy E L depends only on two relevant Hamiltonian parameters, t and g 2 /hω = ε p , and therefore E L and x L m are both independent of M. For this reason, Eq. (6) is sometimes referred to as the adiabatic locking of the electron and the lattice coordinates.
Next, we shall study a translationally invariant solution composed of a linear superposition of the localized states,
|Ψ K describes the polaron state with the momentum K. A similar type of function was first proposed by Toyozawa. 10 In the present work, m ξ m = g/hω is used so that the mean total deformation of function (7) satisfies Eq. (3),
The expectation value of the polaron energy, E Ψ , may be written in terms of |ϕ j ,
ϕ j |Ĥ|ϕ j+∆ and ϕ j |ϕ j+∆ are given in the Appendix. A general method which calculates the minimum of the energy E Ψ has not yet been proposed. However, some approximations are available in Refs. 8,11-13. The approximation used here reduces the general expression in Eq. (7) by introducing an exponential form for functions η n and ξ m ,
Eq. (9) defines a polaron function, |Ψ K (G, B) , which is completely determined by two parameters, G and B.
In what follows, two different approaches are presented. The first, denoted by the index T (T for translational), treats G and B as the variational parameters for which the energy minimum, E T , has to be found, and its corresponding polaron function is |Ψ T K . The T method gives good results in the weak and the strong coupling regime. Namely, in both of these limits, the |Ψ T K function becomes similar to the polaron function obtained by the appropriate perturbative calculations.
In the second approach, presented here for the first time, the variational method is used to define a generalized eigenvalue problem as follows. The polaron wave function, denoted by index CT (CT for combination of translational functions), is rewritten as a linear combination of |Ψ K (G n , B n ) functions,
It is understood here that the functions |Ψ(G n , B n ) form a set of p generally nonorthogonal functions, defined by p different pairs (G n , B n ) of parameters. Again, the coefficients a n should be determined from the requirement that the expectation value of the energy,
The solution of this generalized eigenvalue problem is a set of p orthogonal polaron functions, |Φ CT is the same or better than E T , the energy computed by the T method. Moreover, by paying some further attention to the starting set of functions, |Ψ K (G n , B n ) , in Eq. (10), one is able to investigate the first excited state |Φ CT K,m=1 of the system, when this state corresponds to an excited polaron. The best results for the CT method are obtained when the number p of |Ψ K (G n , B n ) functions in Eq. (7) changes with the Hamiltonian parameters. The special case, where the CT method is used with constant p = 2, is denoted by the index CT 2 . Finally, this paper presents the results of two numerical exact diagonalization methods. [14] [15] [16] [17] [18] [19] In order to compute the low energy polaron states, one approximates the infinite dimensional Hamiltonian matrix with a finite one. The lowest eigenvalue and eigenvector of such a reduced Hilbert space correspond to the polaron energy and wave function, respectively. For a large sparse matrix, the energy and the wave function can be calculated very accurately, by using an appropriate numerical scheme, in the present case the Lanczos algorithm.
The two exact diagonalization methods used here differ in the choice of the basis of the Hilbert space. In the first method, 19 denoted by eT (e stands for exact diagonalization and T for translational), the general orthonormal state is given by
which describes an eigenstate of the system with momentum K. n m is the number of phonons at the m-th lattice site away from the electron. For example, at the electron site, and at the nearest neighbor lattice sites left and right from the electron, there are n 0 , n −1 , and n 1 phonons, respectively. The Hamiltonian (1) does not mix states (11) with different momenta. Therefore, the polaron function obtained by the eT method has the same K momentum as the basis states. In the second method, denoted by eL (e stands for exact diagonalization and L for localized), the general orthonormal state of the chosen basis is more complicated,
Here the i and m indices are given with respect to the center of polaron, which is placed at the site j. Thus c † j+i creates an electron at the i-th site from the polaron center at j, n m is the number of extra phonons at the m-th site away of the polaron center, when the lattice is already distorted by the coherent state operators S j+m (ξ m ), i.e. x m = 2x 0 ξ m . The eL method is used to calculate the localized polaron states. For a given set of Hamiltonian parameters, ξ m are calculated by the L method, minimizing the energy (5). The additional phonon excitations, counted by n m , are necessary to obtain the actual lattice equilibrium positions of the localized polaron state and the zero point motion of the renormalized lattice vibrations.
The minimal number of states of the reduced basis necessary to obtain accurate results depends on the Hamiltonian parameters. For the eT method (11) , this number increases very rapidly forhω ≪ g, t, which prevents the use of this method for both g and t large.
Eq. (12) describes a localized state. Therefore, the eL method is accurate only in the self-trapped polaron regime where the effects of the polaron delocalization are negligible. The lattice deformation of the self-trapped polaron is approximately taken care of by the product of the coherent states operators, m S j+m (ξ m ), which keeps the necessary number of states (12) in the eL method calculation, relatively small. Thus, nearly exact results can be obtained even for very large g and t, in the self-trapped polaron regime. In order to reduce the basis of the Hilbert space, the maximal allowed distance of the electron and phonons from the polaron center has been limited such that
The maximal total number of phonons, m n m , in Eq. (12) has also been limited. The distance D max is determined from the condition that ξ m /ξ 0 < 10 −4 for m ≥ D max , while the total number of phonons satisfies m n m ≤ 4. As the sum m n m does not include the phonons associated with the coherent state operators, S j+m (ξ m ), the small value of m n m is not a restriction on the amplitude of the lattice deformation.
IV. STRONG COUPLING LIMIT
Let us now return to expressions (4) and (7). The local properties and delocalization effects of |Ψ K are complexly mixed when the corresponding localized polaron functions, |ϕ j , at different lattice sites, are not orthogonal, ϕ j |ϕ j ′ = δ j,j ′ . However, in the weak and in the strong coupling regimes, the translational polaron function can be approximated in terms of orthogonal localized polaron functions. In the weak coupling regime, the orthogonality follows from the electron part of the wave function,
while in the strong coupling regime, it follows from the lattice part of the wave function,
The condition (13) corresponds to the regime of a self-trapped polaron. The electron is bound to the lattice deformation, while the tunneling t from one lattice site to another is reduced by |Y 1 | ≪ 1, making t ef f ≪ t,hω, g. It is easy to see that the minimal values of variational energies (5) and (8) coincide in this regime, and the translational form given by Eq. (7) has a negligible energy effect, leading to an enormous polaron effective mass, m * ∼ 1/t ef f . In particular, it is well known that in the small polaron case, where ξ j+m = −g/hω δ j,j+m , m * is exponentially large,
It is thus appropriate to consider the self-trapping regime as the regime in which the polaron states are very well approximated by the localized states centered at some lattice sites j. The location of the crossover regime which separates the weak coupling regime from the regime of the self-trapped polarons has been estimated in Ref. 20 from the analysis of the effective polaron mass. The authors have selected the point of the most rapid increase in the effective mass as the crossover point. They have concluded, on the basis of the Global-Local method for 0.1hω < t < 10hω, that the crossover value of the electron-phonon coupling constant (crossover point) is given by
The relation (14) can be qualitatively understood in two opposite limits of t for which the small polaron regime can be invoked. For small t, when g ST /hω ≈ 1, the mean phonon number associated with the lattice deformation is approximately equal to one, N tot ≈ 1. While the case for N tot > 1 corresponds to the self-trapping regime (small effective polaron mass), N tot < 1 makes the free electron state the dominant part in the total polaron wave function even in the t → 0 limit, and such a polaron cannot be self-trapped. For large t in Eq. (14), g 2 ST /hω ≈ t, so that the electron-lattice interaction energy for the small polaron is comparable to the energy gain of the electron hopping to the neighboring site.
As has already been discussed, the small contribution of the lattice part to the overlap of two localized neighbor polaron functions, Eq. (13) 
From Fig. 1 we may see that the curve which corresponds to Y L 1 = 2 10 −3 is very close to the one which corresponds to g ST , whenhω < t < 50hω, while the condition Y defines well the self-trapping regime. Namely, for such a small Y L 1 , the contribution of the delocalization in the energy of the translational polaron function may be estimated to less than few percent ofhω, and the polaron can be approximated very accurately with localized polaron functions. The only exception in Fig. 1 is the t ∼hω regime, in which the self-trapping of the polaron is not a consequence of the small overlap, but of a small t.
The short-dashed curve in Fig. 1 corresponds to polarons with 90% of the lattice deformation at the central site, it thus indicates the small polaron regime. For t > 50hω, Fig. 1 shows that the polarons can be large and self-trapped at the same time. Therefore, the self-trapping regime is not necessarily associated only with small polarons. For strong enough electron-lattice coupling, the self-trapping of the polaron occurs even if the lattice deformation is spread to many sites. Such a deformation has a very large amplitude which makes Y 1 small. In the case of large self-trapped polarons, g ST overestimates the value of g at which the polaron self-trapping occurs, as displayed in Fig. 1 . It can be concluded that the large polaron width shifts the crossover point from g = g ST to smaller values of g.
The eL method is used to obtain very accurate numerical results for the ground state of the self-trapped polarons. One of the advantages of the eL method is that it permits separate calculations of electron and lattice properties. For instance, for the polaron centered at the origin, the associated mean lattice deformation, x n , is given simply by the expectation value ofx n . Besides x n , in the present paper the mean real space uncertainty of the on-site lattice vibration, ∆x n , and the product ∆x n ∆p n , where ∆p n is the mean momentum uncertainty of the on-site lattice vibration, are calculated. The differences between the results of the L and the eL methods are also analyzed. It is found that they are, for fixed t, more pronounced for small g. The lattice part of the L function describes a set of displaced harmonic oscillators, so ∆x L n = x 0 , ∆p L n = p 0 , where x 0 and p 0 are defined in Eq. (2). Fig. 2 shows the data for two sets of parameters corresponding to the small and to the large self-trapped polaron, respectively.
From the results in Fig. 2 , we may see that the mean lattice deformation is not the same for L and eL methods. Namely, in the case of the eL method, it is more extended, i.e. the width of the polaron is larger. But even then, the electron density remains approximately proportional to the mean lattice deformation, as in Eq. (6) Since ∆x eL n=0 > x 0 , it follows that ω eL n=0 < ω. The energy of the mean lattice deformation is larger for the eL method than the L method. This is compensated, however, by the lower energy associated with the zero point motion of the ω eL n=0 phonon mode, which makes the total polaron energy of the eL method lower.
In the regime of large polaron, the renormalized normal phonon modes are expected to be spread to a number of lattice sites. Consequently, a number of different phonon modes contribute to the lattice displacement at a lattice site occupied by the polaron. Thus, the analysis of the on-site vibrations cannot give direct information on the renormalized lattice modes.
V. WEAK COUPLING REGIME
In the weak coupling regime, the T method gives results close to the eT results. Since the form of the function T is quite simple, it is used in this section as a basis for the further discussion. In the weak coupling regime the minimum of the variational energy, E T , corresponds to the small values of the variational parameters G and A. The standard perturbative ground state of the system with momentum K in terms of the T method polaron function may be written as follows:
For K < K c the wave function (16) is divided in two parts. The main part is the free electron of momentum K, and the smaller part, proportional to A, is the electron dressed by one spatially correlated virtual phonon. At the threshold K c , the energy of such a polaron state intersects with the energy of the system consisting of the zero momentum polaron and one extra phonon with momentum K c , Eq. (17). So, for K > K c the ground state is achieved with one real phonon in the system which carries the system momentum and which is spatially uncorrelated with the polaron. 21 For K < K c this state becomes the first excited state of the system. The difference between the energies of the ground state and the first excited state is the largest for K = 0, and it is equal tohω.
It may be noticed that the perturbative regime requires that the weight of the second term in Eqs. (16) and (17) is small, i.e. the mean number of phonons associated with the lattice deformation has to satisfy
Here, A has been eliminated by using Eq. (3). There are two ways to satisfy the condition (18) , either the electron-phonon coupling is small, g ≪hω, or the lattice deformation is spread to a large number of lattice sites, 1 − B ≪ 1. In the latter case, the total mean polaron deformation does not have to be small, x tot /x 0 = 2g/hω, since g can be larger than hω.
The translationally invariant form of the wave function for T method, given by Eq. (7), provides an energy gain due to the polaron delocalization. At the same time, the spatial correlation between the electron and the lattice deformation has a finite length. For instance, in Eq. (7), this length is of the same order for |Ψ K and |ϕ j . The perturbative calculation for B in Eq. (16) gives
B measures the lattice deformation width, but also the electron-lattice correlation length. B is independent of g, which makes the correlation length finite even in the limit g → 0, for which the lattice deformation vanishes, A ∼ g/hω.
On the other hand, for the localized functions, the electron-lattice deformation correlation length and the polaron delocalization range are of the same order. This can be easily seen from Eq. (4). In the g → 0 limit they both become infinite. Thus, in the weak coupling regime one obtains localized polaron state |ϕ L j with a very large width but tiny lattice deformation. This is specific to one dimensional systems where an attractive symmetric potential always has a bound electron state. Therefore, the polaron energy is less than the free electron energy −2t. In higher dimensions, an arbitrary attractive symmetric potential does not have a bound electron state for a sufficiently small g, and the polaron energy is larger than −2dt, where d is the dimension of the system. This explains why, in the weak coupling regime, the localized polaron functions 9, 22, 23 fail to generate a ground state energy lower than the free electron energy, if the dimension of the system is greater than one.
VI. THE CROSSOVER REGIME
The limitations of the described methods restrict the discussion of the crossover regime to the values of t smaller than 25hω. The large self-trapped polarons occur only in the case of larger t. Thus, we are simultaneously investigating the crossover regime and the transformation from large to small polarons. However, this is only a consequence of the choice of parameters.
In order to examine the crossover regime it is instructive to calculate the energy difference between the ground and first excited state, E (1)
CT . Let g c denote the value of g for which this difference is minimal,
The current results indicate that g c is very close to the value of g ST , Eq. (14), which corresponds to the crossover point. For example, for t = 20hω, g c = 5.55hω, while g ST = 5.47hω. For smaller t, g c and g ST coincide even better. The analysis of the effective mass 20 and variational energy of the polaron ground state, 24 as well as the behavior of the first excitation energy, suggest that a dramatic change in the nature of the polaron ground state near g ST is correlated with g c .
This can be well understood by considering the properties of the wave function in the T method. Near g c , this polaron wave function has two separate energy minima in the G-B parameter space which become degenerate for g = g c . Let as denote by the symbol < the lower minimum for g < g c , and by the symbol > the lower minimum for g > g c .
|Ψ
< and |Ψ > are the corresponding polaron wave functions. Even if they are not mutually orthogonal, they are still physically quite different. The numerical data show that the translational invariance of |Ψ < contributes strongly to the polaron energy. On the other hand, the translational invariance of |Ψ > has almost negligible energy contributions, i.e. |Ψ > describes an almost self-trapped polaron. |Ψ < and |Ψ > can be combined to form new polaron functions,
Here, |Φ CT 2 corresponds to Eq. (10) with p = 2, thus the CT 2 method is implied. From this treatment an improved ground state, |Φ , and an approximate first excited polaron state, |Φ
, are obtained. This is illustrated in Fig. 3 , where the nearly exact ground state energy, E eT , is subtracted from all plotted energy curves. It can be seen that in the CT 2 method, there is an anti-crossing of |Ψ > and |Ψ < states, which yields two orthogonal states, |Φ . For g < g c the light state |Ψ < is favorable in energy, and participates in the ground state more than the heavy state |Ψ > . But, with the increase of g the balance changes continuously in favor of |Ψ > . This trend is opposite for the first excited state, which is heavier than the ground state for smaller g and lighter for larger g.
The CT method gives better results for the ground and first excited state when the large number of functions in Eq. (10) is used (large p). From Fig. 3 , at g = g c , one may estimate that E (1)
CT ≈hω/2. It was found that this energy difference became even smaller for larger t.
A simple empirical relation derived below gives a surprisingly good estimate of the first excitation energy E (1) CT for g > g ST . As was already pointed out in Sec. IV, the excitation of the renormalized phonon mode explains the nature of the first excited self-trapped polaron state. In Ref. 23 the perturbation theory was used to calculate the frequency of this local phonon mode,ω ′ , to the lowest order in thω/g 2 ,
It is worth noting that the perturbative correction to the phonon frequency in Eq. (19) is adiabatic, i.e. is independent of mass M.ω ′ corresponds to the phonon mode which is unstable for g ≤ √ thω. On the other hand, the CT method suggests that the critical g for the phonon stability is g = g c ≈ g ST . Namely, for g c the first excited state is closest to the ground state energy. If Eq. (19) is combined with the relation (14) for g ST , a new expression can be proposed for the renormalized phonon frequency,ω ′′ ,
corresponding to a phonon mode which is unstable for g ≤ g ST . Moreover, by adding the phonon excitation of frequencyω ′′ to the ground state energy,
a relation which is a good approximation of CT results for the energy of first excited state is obtained, E
emp ≈ E
CT . Note that the renormalization factor of ω in Eq. (20) has a non-adiabatic contribution required to fit the minimum of E (1) emp for g = g ST . The lattice part of the CT function is spatially symmetric with respect to the electron. Therefore, the local renormalized phonon mode of the small polaron, Eq. (20), should be basically a symmetric oscillation of the lattice deformation around the central polaron site. If g ST is approached from above, the effects of the polaron delocalization become important and this mode spreads to many lattice sites near g ST . One may speculate that such an extended phonon is responsible for the smaller effective mass of the excited polaron state comparing to the mass of the ground state obtained for g > g c . It is likely that the excitation of the renormalized phonon increases the effective polaron hopping integral. Fig. 4 shows the results for the ground state energy and the energy of the first exited state with total system momentum K = 0, as functions of g, obtained by several different methods. The ground state energy obtained by eT method is subtracted from all the other results. g 1 and g 2 are used to mark three different polaron regimes with respect to the strength of the electron-phonon coupling. In the weak coupling regime, g < g 1 , the mean number of phonons of the lattice deformation is less than one. For g > g 2 we recognize the self-trapped polaron regime which is, for the choice t = 5hω, the small polaron regime as well. Namely, for g > g 2 the overlap (15) satisfies Y L 1 ≤ 10 −6 . The crossover regime is found in the interval g 1 < g < g 2 .
It may be noted from Fig. 4 that in the weak coupling regime, the energy obtained by the L method (E L ) is close to the free electron energy −2t. In addition for t ≥ 20hω, the absolute error of the L method becomes greater thanhω in some intervals of g. In the small polaron regime, for large g, E L approaches the exact polaron energy. The error of the T method is largest in the crossover regime where the results can be improved by a better choice of η n and ξ m in Eq. (9) . In the small polaron regime the translationally invariant form of the function T has no effect on the polaron energy, i.e. both the T and L methods give very similar results. The energy of the first excited polaron state, E (1) CT , intersects the energy of the ground state plus one phonon, E eT +hω, for g > g 1 . After the minimum of E (1) CT −E (0) CT is reached in the crossover regime at g = g c , E
(1)
CT approaches E eT +hω asymptotically for g > g 2 , and this is approximately described by Eq. (21).
VII. CONCLUSIONS
The present paper discusses the ground and the first excited states of the polaron for three different regimes of the electron-phonon coupling parameter g. The results can be briefly summarized as follows. In the strong coupling regime the effective transfer integral of the polaron tunneling to neighboring sites is negligible, and the self-trapped polaron states are obtained. For very large t, it has been found that the regime of the large self-trapped polarons precedes the regime of the small self-trapped polaron which is established for very large g. The results of the eL method suggest that the adiabatic picture of the localized polaron state, in which some of the local lattice vibrations are renormalized by the presence of the electron, is valid. The numerical data show no significant deviation from the adiabatic locking relation (6) of the electron site density and the mean lattice deformation. In the small polaron case, predominant effect of the electron is a lowering of the frequency of the vibration at the central polaron site. The excitation of this renormalized phonon mode corresponds to the first excited state of the small polaron.
The nature of the polaron ground state in the crossover regime has been discussed in a number of papers, and its rapid change with g has been well-established numerically. The difference between the energies of the first excited state and of the ground state, as a function of g, has a minimum for g = g c . It is showed, by using the CT 2 method, that the anti-crossing of the self-trapped and the delocalized polaron state can link the behavior of the ground and first excited polaron state. According to the CT method, for g > g c the effective mass of the ground state is larger than the effective mass of the first excited state, while for g < g c the opposite is true. In addition, g c , which characterizes the first excited state, and g ST , obtained from the ground state analysis (Eq. (14)) almost coincide for t < 25hω. For larger t, it is suggested that g ST needs to be modified since the effects of the large polaron width are not included in Eq. (14) . For g > g c it is argued that the local renormalized phonon mode is spread out by the effects of the polaron delocalization. This mode softens by decreasing g. This latter effect is taken into account by the simple empirical relation (21) for the excitation energy of the polaron.
On further reduction of g, the total mean number of phonons bound by the polaron becomes smaller than one, and the weak coupling regime is reached. The nearly free electron is dressed by a cloud of virtual phonons, and its mass is slightly renormalized. The first excited state of the system, with momentum K ≈ 0, can be viewed as the ground state of the polaron plus one additional uncorrelated phonon, rather than as an excited polaron.
ACKNOWLEDGMENTS
The author would like to thank I. Batistić for fruitful collaboration during the course of this work.
APPENDIX A:
For the calculations of N ∆ = ϕ j |ϕ j+∆ and E ∆ = ϕ j |Ĥ|ϕ j+∆ of Eq. (8) Difference between the mean lattice deformation, mean uncertainty of the on-site lattice vibration and corresponding product of uncertainties for L and eL methods. The inset shows the mean lattice deformation of the eL method. Hamiltonian parameters are t = 10hω, g = 4.5hω, and t = 250hω, g = 16.5hω, for the first and second plot, respectively. The ground state energy of the polaron for various methods and the first excited state energy of the CT method are plotted for t = 5hω, K = 0 andhω = 1. The nearly exact eT ground state energy is subtracted from all results. Only the lowesthω energy interval of the spectrum, relevant for the ground and first excited energy, is shown. The E eT +hω line denotes the first excited state energy, when it consists of polaron ground state and one extra phonon, see Eq. (17) .
